Mal91 Geometrical Paradoxes

Lecturer: Alexander Kechris
Notes taken by J Alex Stark
California Institute of Technology

Jan 6 2015

1 Paradoxes of Infinity

Galileo’s Dialogues concerning two new sciences (1638) discusses f(n) = n? as

a bijection between a set and a proper subset.
Dedekind’s Essays on the Theory of Numbers, Continuity of Irrational Num-
bers, the Nature and Meaning of Numbers (1888) proves the following:

Theorem 1.1 (Dedekind). A set is infinite iff it can be put into bijection with
a proper subset of itself.

Theorem 1.2. If X is an infinite set, there is a partition X = X, U Xs so that
X is in bigection with both X1 and Xs.

Definition 1.3. If A, B C R", then we say A = B or A is congruent to B iff
there is some distance-preserving function ¢ : R™ — R" such that ¢(A) = B.

Ezample 1.4. N = N7t via n — n + 1. Notice that both of these sets are
unbounded.

Ezample 1.5. In two dimensions, we can do this with bounded sets. Consider
complex numbers as R2. Let |c| = 1, ¢ = €? with § not a rational multiple of
7. Then if A = {¢" : neN}, B={c" : ne Nt} we have B = cA so that
B=~A.

Remark 1.6. If A C R is bounded and B C A is congruent to A, then B = A.

Proof. Any distance-preserving function on R is of the form ¢(z) = 2 + a for
some a € R. In the positive case, notice that the least upper bound of A is
distinct from the least upper bound of ¢(A), so that they must be different. In
the negative case, notice that ¢?(z) = . Then ¢(A) = B C A. ¢(B) C ¢(A)
since BC A. So A= ¢(B) C ¢(A) = B. In other words, A C B,so A= B. [

Definition 1.7. A, B C R™. Wesay A, B are equidecomposable if A = |_|f:1 A;,B=
|_]f:1 B; and A; = B; for all ¢ < k. We write A ~ B.
Remark 1.8. [0,1] ~ (0,1]
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Proof. Let {x} = x — |z] be the positive fractional part of z. Let o € (0,1)
be irrational. Let A = {{na} : n €N} and B = {{na} : n € NT}, so that
A= BU{0}. We will show A ~ B.

A1 =AN0,1—-a), Ao =AN(1—a,l). Notice that if 1 —a € A, then « is
rational, so 1 — a &€ A.

By = BN[a, 1), Bs = BN(0,«). We have B; = Aj+a and By = As+(1—a).

Now we put Az = B3 = [0,1] \ A = (0,1] \ B. Since [0,1] = A; U Ay Ul A3
and (0,1] = By U By U Bs, we're done. O
Example 1.9 (Mazurkiewicz—Sierpinski). There is a countable A C R? and a
partition A = Ay LI A5 such that A =2 A = A,.

Theorem 1.10. No bounded set can have the above property.

Definition 1.11. A C R? is called paradozical is there exists a partition A =
A; U Ag such that A ~ A ~ As.

Theorem 1.12 (Banach (1923)). No “reasonable” subset of R? is paradoxical.
For example, bounded sets with nonempty interior are not paradozical.

There is a finitely additive isometry-invariant extension of Lebesgue measure
defined on all subsets of R2. That is, there is a function p : P(R?) — [0, o0
such that pu(A4) = A(A), (where X is the Lebesgue measure) and pu(A U B) =
w(A) +pu(B) if AN B =10 and u(p(A)) = p(A). Then if A ~ B, u(A4) = u(B).
Then if A is paradoxical, u(A) = 2u(A) € {0, 00}.

Theorem 1.13 (Sierpinsky (1946)). There are no nonempty paradozical sets
in RL.

Theorem 1.14 (Banach—Tarski Paradox (1924)). Any solid ball in R3 is para-
dozical. Equivalently, any two bounded sets in R? with non-empty interior are
equidecomposable.

Theorem 1.15 (Tarski Circle Squaring Problem (Laczkovich)). A square and
a circle of equal area in the plane are equidecomposable.

Theorem 1.16 (Marczeaski Problem (Dougherty—Foreman)). Banach—Tarski
can be done with pieces that have the property of Baire.

Theorem 1.17 (Trevor Wilson). Banach—Tarski can be done “physically”: with
pieces moving continuously and staying disjoint.

2 Isometries in Euclidean Space

Definition 2.1. A map ¢ : R — R" is an isometry if |p(z) — o(y)| = |z — y|
for all z,y € R™. Recall A, B are congruent if there is an isometry ¢ so that
¢(A) = B.

Ezample 2.2. o(x) = x + a, a € R" is an isometry.
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Ezxample 2.3. Rotation in R? around the origin by @ is a linear isometry. The
matrix with repsect to the standard basis is

cosf —siné

sind cos6
Proposition 2.4. If L : R" — R" is an isometry with L(0) = 0, then L is
linear.

Proof. First, see that -y = L(z) - L(y). This follows from the polarization
identity z -y = 1 (|9L‘|2 +|y® = |z — y|2) So we have

L) L(y) = 5 (L) ~ O + L(y) — 01 ~ |L(x) - L(y) )
L) L(y) = 5 (D)~ LOP + L) ~ LOJ - |L(x) - L))
L) Dly) = 5 (Jz = OF +1y — 0F |z — of*)

L) L) =y

Since L preserves dot products, it takes an orthnormal basis to an orthonormal
basis, so it is linear.
O

Definition 2.5.

e An orthogonal transformation is a linear isometry.

e An n x n matrix is orthogonal if AAT = I,,. In other words, AT = A~!.

Weve already shown that for any isometry ¢, ©(0) = 0 iff ¢ is an orthogonal
transformation.

Theorem 2.6. L : R™ — R" is orthogonal iff its matriz (in the standard basis)
is orthogonal.

Proof. Let L be an orthogonal transformation and A its matrix. Given x,y €
R", compute 2Ty = z-y = L(z) - L(y) = (Az)T (Ay) = 2T A' Ay. Then =7 (I,, —
AT A)y = 0, therefore ATA = AAT = 1I,,.

Now assume A is orthogonal. Then L(x) - L(y) = (Ax)T(Ay) = 27 AT Ay =
2Ty=zx-y. O

Proposition 2.7. FEvery isometry of R™ is a composition of a linear isometry
and a translation. In other words, if @ is any isometry, there is an orthogonal
transformation L and a constant ¢ € R™ so that o(x) = L(z) + c. Moreover, L
and c are unique.

Proof. Let ¢(0) = ¢. Then L(x) = ¢(z) — ¢ is orthogonal and ¢(x) = L(z) + c.
¢ is uniquely determined from ¢ and L is uniquely determined from L and c¢. OJ

Corollary 2.8. ¢ is onto.
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3 Isometries in Euclidean Space (continued)

Let G,, be the group of all isometries of R™ and O,, (the orthogonal group) be
the group of all linear isometries.
If A€ O,, then det AAT = det I,,, so det A = +1.

Definition 3.1. SO,, = {A € O,, : det A =1} is the subgroup of direct or

orientation-preserving orthogonal transformations. If det A = —1, we say A is
indirect or or orientation-reversing. It’s clear that SO, <O, and O, /SO, =
Z]27.

Let T,, = (R™, +) be the group of translations. Let A be the homomorphism
L + a — L that sends a transformation to its linear part. Then 7T;, = ker A and
O, =im A, so G,,/T,, = O,,.

We say ¢ is direct or indirect is Ay is direct or indirect, respectively.

Proposition 3.2. Every direct isometry of R is of the form p(x) = = + a.
Every indirect isometry is of the form p(x) = —x + a.

Proof. The only 1 x 1 orthogonal matrices are (1) and (—1). O

Theorem 3.3. Every direct isometry of R? is a translation or rotation around
a point.

Every indirect isometry of R? is a glide reflection, ie. a reflection about a
line followed by a translation along the line.

Proposition 3.4. Let A be an orthogonal 2 X 2 matriz.

o If A is direct, then there is some 6 € [0,27) so that A = oS 0 —sinf
sinf  cosf

A corresponds to rotation by 0. As a result, SO, =2 S1, the circle group.

cosf sinf

o If A is indirect, then there is some 6 € [0,27) so that A = .
sinf —cosf

A corresponds to reflection about the line through 0 and (cos g,sin g)

)
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a

Proof. For orthogonal A = ( . , we have a®+c? = 1 = b?>+d?, ab+cd = 0.

b
d
So a = cosyp, ¢ = sinp and b = siney, d = cosy. ab+ cd = sinpcosyy +
sint cos p = sin(p + ¢) = 0. Therefore, ¢ + ¥ = kr and det A = ad — bc =
cos(km) = £1.

. . . cosf) —sind
Case 1l kiseven. cosy = cost andsiny = —siny, so A = ( Ginf  cosf )
A is clearly a rotation by 6.
Case 2 Fkisodd. cosy) = —cosp andsiny = sinp, so A = cosf sinf
’ o v sy ~ \ sinf —cos#

Let p= (cosg,sing), qd= (- sing,cosg). Notice ¢ L p.
. o . .0 . 0 . .
pA = (00500035 + sin @ sin i,sm@cosﬁ — cosfsin 5) =p

Similarly, gA = —¢. Therefore, A is a reflection about the line g. O

Proof of Theorem 3.3. p(x) = L(x) 4+ a. We’ll split into the direct and indirect
cases.

Case 1 L is direct, so L = Ry, rotation about the origin by 6. Let’s assume
that @ # 0, |@] # 0. Find the fixed point z¢ of ¢ as follows: Consider the
perpendicular to a and two lines g away from it. If x is on the clockwise-side
line, then L(z) = x — td for some real t. At the origin, the distance between x
and L(x) is 0, and it gets arbitrarily large as we get arbitrarily far away. By
the Intermediate Value Theorem, there’s some xg where L(xg) = 29— d, so that
¢(w0) = zo-

Then ¢ is rotation about xq by the angle . If 6 = 0, @ # 0, ¢ is a translation.
If 6 = |d| =0, ¢ is the identity.

Case 2 L is indirect. Let 7 be the line of reflection of L. Let @t and a”
be the components of @ perpendicular and parallel to 7, respectively. A simple
geometric argument shows that reflecting across 7 and then translating by @ is

the same as reflecting about the %Ziﬁ translate of 7. Then ¢ is a glide reflection.
O

Definition 3.5 (Isometries in R3). A glide-rotation is a rotation about an axis
folllowed by translation in the direction of that axis.

A reflection-rotation is a reflection about a plane followed by rotation around
the axis orthogonal to the plane.

A glide-reflection is a reflection about a plane followed by translation along
the axis orthogonal to the plane.

Theorem 3.6.



Alexander Kechris Mal91 Geometrical Paradoxes Jan 8 2015

o FEvery direct isometry in R? is a glide-rotation.
o FEvery indirect isometry in R3 is a reflection-rotation or glide-reflection.

Proposition 3.7. Every direct orthogonal transformation in R3 is a rotation
around an axis through 0.

Proof. Let A be its matrix. We will show that there is nonzero & so that AZ = Z.

(
= det(AT — I3)
— det((A” — I)")
= det(A — Ig)

= (=1)%det(I3 — A)

Therefore, det(l3 — A) = 0, so (I3 — A)Z = 0 (equivalently ¥ = AZ¥) for some
nonzero x.

Let 1 = % Let (i, 7, k) be a right-handed orthonormal basis. Let L be the

1 00
linear part of A. The matrix of L with repsect to this basisis | 0 a b |,
0 ¢ d

b
d

thogonality of L) Therefore, L is a rotation about the axis determined by i
O

with det L = det ( CCL ) = 1. (This is determined by Li = 7 and the or-

Proposition 3.8. If L is an indirect linear isometry in R3, then L is a reflection
followed by a rotation through an axis going through 0 and perpendicular to this
plane.

Proof. By the same argument as before, find a unit vector i such that Li = —i

and compute that the matrix with respect to an orthnormal basis including i
-1 0 0

as an axis is 0 a b |. O
0 ¢ d

Proof of Theorem 3.6. ¢(x) = L(x) 4+ a. We’ll split into the direct and indirect
cases.

Case 1 L is direct, so it is rotation about the line ¢ by an angle 6. As in
the proof of Theorem 3.3, decompose @ into @+ and @,. We can decompose
into two parts: = + L(z) + @+ and o — x + d@,. If we restrict to the plane
perpendicular to o at the origin, Theorem 3.3 tells us that our first part is just
a rotation about some ¢’ || o. Therefore, ¢ is a glide-rotation. (Notice that if
0 =0, o is just a translation)
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Case 2 L is indirect, so L is a reflection about the plane II followed by a
rotation about ¢ (orthogonal to II) of angle 6. If I is a translate of II by 1@,
and o’ is as in Case 1, then ¢ is a reflection about II’ and a rotation about o”.

If 6 = 0, then ¢ is a reflection about II’ and a translation by a+. O
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4 TIsometries in Euclidean Space (continued)

Definition 4.1. An isometry ¢ : R® — R3? is performed continuously if there
is t — ¢; € G3, t € ]0,1] such that for each x € R3, o;(z) is continuous with
po = id and p; = ¢.

Fact 4.2. ¢ is performed continuously iff v is direct.

Problem 4.3. L is a direct linear isometry on R3 with matriz A. Then L is
a rotation around an axis through 0. Call the angle of rotation 6. Show that
1+ 2cosf =trA.

0
Problem 4.4. Let A = 0
1

o O =
o = O

Show that A is orthogonal with det A = 1, so corresponds to a rotation around
an axis through 0 in the direction of the unit vector 1j. Calculate 17 and the angle
of rotation.

5 Measures

Definition 5.1. If X is a set, P(X) ={A : A C X} is the power set of X.
If X C A, then X\ A= A€ is the complement of A.

Definition 5.2. A C P(X) is an algebra if ) € A and if A,B € A, then
A AUB € A.
A is a o-algebra if it also satisfies Vn[A, € A] = [, ey An € A.

Ezxample 5.3. A = all finite or co-finite sets is an algebra but not a o-algebra.

Example 5.4. S = all countable of co-countable sets is a o-algebra.

If C C P(z), there is a smallest algebra containing C' and also a smallest o-
algebra containing C'. This is because an intersection of a family of (o-)algebras
is a (o-)algebra.
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FEzample 5.5. The countable-cocountable o-algebra is the smallest o-algebra
that contains all singletons.

Definition 5.6. A finitely additive measure on an algebra A C P(X) is a map
w: A —[0,00] such that u(@) =0 and p(AU B) = u(A) + u(B) if ANB =1.
Here a + 0o = oo for any a € [0, x0].

Consequences of the basic definition:
e AC B= u(A) < pu(B). This is because pu(B) = u(4) + u(B\ A).

o If {A;},., is a pairwise disjoint family, then p(|J; 4;) = Y7 p(4;) by
induction.

o u(U: A;) <307 1(A;). To see this, let A; = A; \ U,; Ar. Then A} C A;
and |J;" A; = |J;" A} with the A pairwise disjoint.

Ezample 5.7. On A = P(X), the counting measure is given by

Al, if Al <
M(A):{II Al

0, otherwise
Ezxample 5.8. On A the finite-cofinite algebra, the following is a finitely additive

measure
0, if |4l <oo
u(A) = .
1, otherwise
Definition 5.9. A countably additive measure or just measure is a finitely

additive measure that also has p({J,cy An) = D_,en #(An) for A, a countable
disjoint family of sets.

Ezxample 5.10. Fix g € X. Let

. (4) = 0, ifzog A
VY1, ifzge A

This is the Dirac measure on xq

Ezample 5.11. S is a g-algebra of countable-cocountable sets.

0, if A is countable
n(A) = o
1, if A is cocountable

Ezample 5.12. Every measure on P(N) is fully determined by its values on the
singletons. In other words, every measure on P(N) can be represtented by a
countable sequence from [0, co].

Remark 5.13. There are finitely additive measures u on P(N) so that u({n}) =0
and p(N) = 1.
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Problem 5.14. Let u: S — [0,00] be a measure. Show the following:
e Ay C A C...=u(U, An) = lim, u(A,)

e Ay D A1 O ... = u(N), An) = lim, u(Ay) if there is at least one A; so
that p(4;) < oo.

i M(Un An) < Zn (An)

Definition 5.15. A standard n-box in R™ is any set of the form [}, (a;,b;).
An n-box is a set p(B) for ¢ an isometry and B a standard n-box.

Definition 5.16. B(R") is the smallest o-algebra containing the n-boxes. The
sets in B(R™) are called Borel sets.

Every open set is Borel, as is every closed set. The collection of Borel sets is
equinumerous with the reals.

Theorem 5.17 (Lebesgue). There is a unique measure my : B(R™) — [0, 00]
with the following two properties:

o m,, assigns to each n-boz its volume. That is, my, (p(I]} (ai, b;))) = [1; (bi—
ai).
o m,, s translation invariant.

My, in general, is called Lebesque measure. If n = 1,2,3, we sometimes call
it length, area, volume, repsectively.

Definition 5.18. A set A C R" is called null if there is some B D A such that
B € B(R™), m,(B) = 0.

Erample 5.19.
e Any countable set is null.

e A k-dimensional subspace of R” for k < n is null.

Ezample 5.20. Let Ey = [0,1], By = [0,%] U [%,1], ... so that E' = (), En
is the Cantor set. Since FE, is closed for all n, E is closed. Furthermore,
Ey O Ey O -+, s0 my(E) = lim, m,(E,) = 0. Then every subset of the

Cantor set is null. Since the Cantor set has cardinality of the reals, it has more
subsets than there are Borel sets. Therefore, some subset of the Cantor set is a
non-Borel null set.

Definition 5.21. A subset A C R™ is Lebesgue measurable (LM) if A= BUN
with B Borel and N null. LM(R") is the collection of LM sets in R™.

Proposition 5.22. A set A CR"™ is LM iff there exist Borel sets By, By such
that Bl Q A g BQ and mn(Bg \Bl) =0
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Proof. Assume A is LM. Then A = BUN. There is a Borel N’ so that N C N’
and N’ is null. Then let B = B and B, = BUN'.

Assume By C A C By with By, Bz Borel and By \ By null. Let N = A\ B;.
Then N is null and A = B; U N. O

It follows that LM (R™) is a o-algebra containing B(R™). Define now i, :
LM(R"™) — [0, 00] by M (BUN) =m,(B) if N is null.

We have to check that this is well-defined. If A = BUN = B’ U N’, then
B’\BC N and B\ B' C N’, so m,(B) = mp,(BNB') =my,(B).

We usually write m,, for m,.
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6 Lebesgue Measure

Proposition 6.1. For any B € B(R"),p € G,,, we have p(B) € B(R™) and if
M € LM(R™) then (M) € LM(R™) with my(p(M)) = mup(M).

Proof. Fix an isometry ¢. Consider A = {B € B(R") : ¢(B) € B(R™)}. Notice
that A is a g-algebra since ¢ preserves complements and unions. Moreover, A
contains all n-balls, so B(R") C A. A C B(R™) by definition, so A = B(R").

Next we prove m,(¢(B)) = m,(B). Define a measure m : B(R™) — [0, c0]
by m(B) = my,(p(B)). We’ll show that m is translation-invariant and assigns
the appropriate volume to n-boxes. Then by the uniqueness of the Lebesgue
measure, m = My, so that m, (¢(B)) = m,(B).

Since an n-box is an isometric image of a standard n-box, ¢(B) is an n-box
iff B is. Therefore m assigns the appropriate measure to n-boxes.

Let o(Z) = L(Z) + ¢ Then for any @ € R",

Therefore m is translation-invariant.

Finally, let M € LM(R"), so that M = BU N with B Borel and N null.
Let C O N with C Borel and m,(C) = 0. Then (M) = ¢(B) U ¢(N).
P(N) C p(C), so ¢(N) is null. Therefore, p(M) € LM(R"™). Furthermore,
m,,L(gO(M)) = mn((p(B)) = mn(B) = mn(M)' g
Proposition 6.2. Let L : R™ — R" be an invertible linear transformation, so
that if A is the matriz of L, det A # 0. Then if B € B(R™), L(B) € B(R™) and
ma(L(B)) = |det A m, (B).
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Proof. Let S ={B € B(R") : L(B) € B(R™)}. Then S is a o-algebra and if B

is an n-box, then L(B) is open, so every n-box is in §. Thus & = B(R™). Let’s
define a new measure m(B) = %. By linear algebra, m agrees with the

Lebesgue measure on the n-boxes.
mn(L(B+ @) _ mn(L(B) + L(@) _ mn(L(B))

B a) = = = = B
m(B +4) et 4] det ] deta] "B

Therefore, m is the Lebesgue measure. O
Theorem 6.3 (Vitali). There exist sets which are not Lebesgue-measurable.

Proof. Define an equivalence relation on [0,1] by z ~ y < x —y € Q. This
partitions [0, 1] into countable equivalence classes. Let V' C [0,1] be a set
consisting of exactly one representative from each equivalence class. Assume
V is Lebesgue measurable. Then mi(V) = my(V + ¢). By definition of V,
(V+q) n(V+r) =0 for any distinct ¢,7 € Q. Now let A = UJ,coni_1,1]-
By countable additivity, m(A4) = -, con—1,1ym(V + ¢). Then m(A4) = 0 if
m(V) =0 and m(A) = oo if m(V) > 0. But [0,1] C A C [—1,2]; contradiction.
O

Theorem 6.4. There is a finitely additive measure (f.a.m.) extending the
Lebesgue measure that is defined on all of P(R™).

Definition 6.5. Given a set X, a ring on X is a subset R C P(X) such that
e DR
e ABER=AUBEeR
e ABER=A\BeR

Notice that the third condition is weaker than being closed under complements,
so that every algebra is a ring.

Ezample 6.6. If X is infinite, then the set of all finite subsets of X is a ring but
not an algebra.

Theorem 6.7 (The f.a.m. Extension Theorem). Let R be a ring on X and
R C A with A an algebra. Then for any given f.a.m. ur on R there is a f.a.m.
pa on A such that pa(R) = ur(R) if R€R.

Corollary 6.8. There exists a f.a.m. pu: P(N) — [0,1] such that u({n}) =0
but u(N) = 1.

Proof. Let R be the finite-cofinite ring on N. Define

0, if |4l < oo
A =
Hr(4) {1, if 4] = oo

and apply Theorem 6.7. O
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Definition 6.9. Let C C P(X). Call A an atom of Cif A # () and C 5 B C
A= Be {0 A}
If C is finite, define N(C) to be the number of atoms in C.

It is an easy fact that if C is finite, then for any A € C, A # 0, there is an
atom A’ C A, A’ € C.

Proof of Theorem 6.7, finite case. Assume A is finite. We’'ll induct on N(A).
If N(A) =1, then A = {0, X} and the result is trivial. Now let N(A) = n. If
R = {0}, then let y1 4 be any measure with p4() = 0, say the counting measure.
So assume R contains a nonempty set. Then R has an atom R,. Let
Ap C Ry with Ag an atom of A. Let X' = X\ Rg. Let A/ ={AeA: ACX'}
and R ={AeR: ACX'}. A isan algebra in X’ and R’ C A’ is a ring in
X'’ with N(A’) < n. By inductive hypothesis, we have a 4 extending ug [R'.
Let A*={AecA: ACRy}and R* ={AeR : AC Ry} ={0,Rp}. De-
fine a measure
0, AN Ay =0

«(A) =
pa- (4) {NR(RO)v if A2 Ag

Notice that since A is an atom, it must be that AN Ay € {0, Ap}. This is a
f.a.m. on A* extending ugr|[R*.

Finally, define p4(A) = pa(A\ Rop) + pa<(AN Ry). Then py is a fam.
extending pur. O

Definition 6.10 (Propositional Logic). Fix an indexed set {p;};.; of elements
called propositional variables. Also fix the set of propositional connectives and
parentheses {—,V,A,=,<,(,)}. A formula is a string of symbols. The class
of formulas is the smallest class that contains the propositional variables and is
closed under finite application of propositional connectives. That is, the p; are
formulas and if ¢, are formulas, then —p, (¢ A ), (0 V ¥), (¢ = V), (p < V)
are formulas.

A wvaluation v : {p; : i € I} — {0,1} assigns truth values to variables and
can be extended to assign truth values to formulas in the obvious way.
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7 The Compactness Theorem

Definition 7.1. Let {p;},.; be an indexed family of propositional variables. A
formula is a string in the symbols {p;};.; U{—,V,A,=,<,(,)} defined recur-
sively by:

e Each p; is a formula

e If ¢ and ¢ are formulas, then (¢ A1), (¢ = ¥), ¢, (¢ V ), (¢ < 1) are

formulas.

Definition 7.2. A wvaluation is a function v : {p;};,c; — {0,1}. We extend a
valuation to a function on all formulas as follows:

e v(~¢) =1-1v(8)

o v(pND) =0v(d) v(¥)

e v(¢ V) =0v(=(=p A ~Y))

° v(¢ =) =v(-9 V)

e v(p=v)=v((d=Y) AW =9))

Definition 7.3. If ® is a set of formulas and v is a valuation, we say v satisfies
O if v(p) = 1 for all ¢ € &. We say that ® is satisfiable if some valuation
satisfies it.

Ezample 7.4. ®1 = {pi,p; = pr}, P2 = {—0i A (pj = pr);0j © i}, v(z) =1
for all z. & is satisfied by v but @5 is not.

Theorem 7.5 (The Compactness Theorem). Let @ be any set of formulas, then
D is satisfiable iff every finite subset of ® is satisfiable.

Definition 7.6. A partial order on a set P is a binary relation that is reflexive,
antisymmetric, and transitive. We call (P, <) a poset. If we have m € P so that
m < x = x = m, we call m mazimal. We call C C P a chain if < [C is a linear
order.
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The following is equivalent to the Axiom of Choice:

Fact 7.7 (Zorn’s Lemma). If P is a nonempty poset such that every chain has
an upper bound, then P contains a maximal element.

Definition 7.8. A partial valuation is a valuation defined on any subset of the
propositional variables.

Definition 7.9. If f, g are functions we say f extends g or f D g if dom (g) C
dom (f) and f(x) = g(z) for all x € dom (g).

Proof of 7.5. If v satisfies ® and &y C P, then v satisfies ®y. In particular,
every finite subset of a satisfiable family is satisfiable.

Now assume that every finite subset of ® is satisfiable. Let V' be the set of
all partial valuations such that for any valuation v € V and finite &y C ® there
is a valuation vy D v satisfying ®y. Order V by extension.

Let C be a chain in V. Clearly, u = |J C is an upper bound for C if u € V.
Fix a finite &3 C ®. There are only finitely many variables in ®¢, so

P = {p; € dom (u) : p; appears in ¢ € Py}

is finite. Then there is w € V so that P C dom (w). Since w € V, there is
v C w satisfying ®(. Define

’U( ) _ U(pi), if p; € dom (u)
vo(pi), if p; & dom (u)

v is a valuation extending v and satisfying ®¢, so u € V.

By Zorn, let m be a maximal element of V. It suffices to check that m is
defined on every propositional variable. Assume toward a contradiction that
q & dom (m). Extend m to m’ by m/(¢q) = 0 if for every finite &y C & there is
a valuation mgy C m satisfying ® so mqg(q) = 0 and mo(g) = 0 and m/(¢) = 1
otherwise.

Suppose m’(¢) = 0. Then m’ € V, contradicting maximality of m.

Suppose m’(¢) = 1. Then there is a finite 1 C ® so for any v C m satisfying
&, we have v(gq) = 1. Fix an arbitrary ®9 C ®. There is a valuation v D m
satisfiying ®oU®P, and v(q) = 1 = m/(¢q) so v 2 m’ and v satisfies ®y. Therefore,
m’ € V; contradiction. O
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8 The Extension Theorem

Recall the statement of the extension theorem. We proved the finite case in the
Jan 15 lecture.

Theorem 8.1. Let R be a ring on X and A 2 R an algebra. For any f.a.m.
on R, we can extend it to a f.a.m. on A.

Let R be a finite ring of sets, ur a f.am. on R. Let A be an algebra
extending R. For each A € A and each r € R, introduce a propositional
variable py . We’'ll think of pa, as true iff pa(A) > r. Let ® contain all
formulas of the form:

1. pao for all A e A

2. prrif R€ R and ug(R) >

3. pr, if R€R and pur(R) <r
Pag=par) forall Ac A g>reR.

6.

(

5. (par=pp,) forall A, Be A, ACB
((pag APBr) = PAUB.g+r) forall A Be A, ANB =1
(

7. ("pag AN PBr) = DauBg+r forall ABe A, ANB =1

By Compactness, there is a valuation v satisfying ®. Define p4(A) =
sup{r: v(pa,) =1} € [0, 00].

Fact 8.2. If R € R, then pa(R) = ur(R)

Proof. If r < pgr(R), then r < p4(R) by definition and (2). If r > pug(R), then
pa(R) < by (3) and (4), 50 pa(R) = i (R). O

Fact 8.3. 1A(AUB) = pa(A) +pa(B) if ANB =0.
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Proof. Tf pa(A) = oo or puy(B) = oo, then u(AU B) = oo by (5). Then
assume pa(A) = ¢, pa(B) = r. Then v(pag—e) = v(pBr—c) = 1. By (6),
ua(AUB) > q+r —2e. Similarly by (7), pa(AU B) < g+ r + 2¢. Since this
holds for arbitrary e, ua(AUB) =g+ . O

9 Integration on Finitely Additive Measures

Let X be any set and p: P(X) — [0,00] a f.am. Fix A C X with u(A) < oo.

Definition 9.1. A map s: A — R is a step function if s =} ckxa, where
A= |_|Z:1 Apg, ¢, € R, and x4, is the characteristic function of Ag.

Define .
/A sdp = /A s(a)d(a) = 3 eunlch)

Example 9.2. Let p be the counting measure. Then
[ sdu=" el = Y (o)
A k=1 z€A

Fact 9.3. If s = Z;"Zl cixa;,t= S ori ckXB, and a, B € R, then as+ Bt is a
step function and

/4(@5+5t)dﬂza/4$du+ﬂAth

Proof. {A; N By} is a partition of A and as+ ft is constant with value ac;+Sdy
on Aj N By so as + Bt is a step function. Then

/A(as + Bt)du = Z

j=1k=1

n

(aej + Bdi)(Aj N By) = oz/Asd,u + B/Atdu

The last step follows from >;_; u(A; N By) = p(4;) and E;nzl w(A; N By) =
1(Bg)- 0

Definition 9.4. If f : A — R is bounded, ie. ImIMVz[m < f(x) < M], define
the sup-norm
1fllee = sup |f(z)] < oo
T€EA

A sequence of bounded functions (fy)nen converges uniformly to fif || f — foll, —
0 as n — oo.

Ezample 9.5. A = [0,1]. f(z) = 0, fo(z) = Lsin(nz). Clearly, f, — f
uniformly. Let g,(2) = na™(1 — z). Then g,(x) — 0 for all x, but it is not true
that g, — f uniformly.

Theorem 9.6. Suppose f : A — R bounded. Then there is a sequence f, : A —
R of bounded functions such that f, — f uniformly and f, is a step function.
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Proof. We can assume WLOG f > 0. Otherwise, f is bounded so m < f and
we can consider a shift f —m. Let 0 < f < M with M € N. We'll show
that for each n, there is a step function f, so that ||f — fu[l, < +. For each
0<k<Mn-1,let I, = [E M) Let Ap = f~1(I;). Then the Aj partition

A, so we can define
Mn—1

k
fn = Z EXA’C'
k=1
Then clearly, | fn(z) — f(z)] < % if # € Aj. Since this holds for all k, we have
1fn = flloo S%- U

Definition 9.7. Let f: A — R be bounded. Let f,, — f uniformly with f,, a
step function. Then

[ = tim [ g
A n—oo A
Proposition 9.8. The limit in the above definition exists.

Proof. x, = fA fndp. We'll show that (z,,)nen is Cauchy.

v = [ fni= [ fui= [ (= 1200

We have a bound |f, — fn| < ||fm — fall- Applying this bound to every
piece of the partition, we have

|[Tm = | < (| fm = falloo #(A) < ([fm = flloo + 10 = Flloc)(A)
The last expression clearly goes to 0 as n — co. O

Proposition 9.9. The limit in the above definition is independent of the choice

of fn-
Proof. Suppose f, — f, g, — f uniformly with f,, g, step functions. Just as

before,
/ fndu - / gnd,u S /(fn - gn)dM’
A A A
/ fndu_ / gnd,u S ”fn _gnHoo IU’(A)
A A
[ ttn= [ ] < (1F = gl + 150 = £ Di(4)
Where the last expression goes to 0. O
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10 Banach Limits

Definition 10.1. A Banach limit L is a function from bounded sequences of
real numbers to R ({z,,} — L({z,}) € R) with the following properties:

1. Vn[z, > 0] = L({zn}) >0
2. L({awn + Byn}) = aL({zn}) + BL({yn})
3. L{zn}) = L{wni1})
4. It Vnlz, = 1], L{z,}) = 1.
Fact 10.2. If L is a Banach limit, then
lim, 2, < L({z,}) < Ty
In particular, if {x,} converges, then L({x,}) = lim, x,,.

Proof. Recall lim,,x,, = infy sup {x,1}. By 3,
L{zn}) = LH{znik})-

Now let My, = sup {zp4x} so that 2,15 < My. By 1,
L({M}, — xpyr}) > 0.

Then by 2,
M L({1}) = L{@nsx}) 2 0

So by 4,
My > L({zp1r}) = L{zn}).

Therefore, L({z,}) < lim,x,. The other inequality follows from the same tech-
nique. O

Fact 10.3. There exists a Banach limit.
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Proof. Let p: P(N) — [0,1] be a fam such that u({n}) = 0, u(N) = 1. Given
a bounded {z,}, consider f : N = R given by f(n) = %ZZ;& xk. Then let

L({zn}) = [y fdu. We'll check the Banach limit axioms:

L Ifz, >0, f>0,s0 L({zn}) = [ fdu > 0.
2. Linearity of L follows from linearity of integrals.

4. L({1}) = [y 1dp = u(N) =1
. Fix {x,} with |z,| < M.

I=L({zn}) — L{zns1})
ln_l 1 n
I= — 2 k=) T
()
- [

IH—/%%M'
N n

w

|I|_/ xo—xndwr/ To — T,
neN:n<k n neN:n>k

/ Lo — Tn d/-//‘
neN:n>k n

ne|f  momals
neN:n<k n

2M

k

2M

<=

< 5T
1| =0

Therefore, L({zn}) = L{znt1})-

du’

11 Group Actions and Equidecomposability

Definition 11.1. Let G be a group and X a set. An action of G on X is a
map (g,z) +— g-o € X such that 1 -z =z and g- (h-2z) = gh- .

Ezxample 11.2. If H is a group and G is a subgroup, then all of the following

are actions of G on H:
e g-x==x

°* g x=gx
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o g x=uag""

° g x=gxg

Ezample 11.3. Suppose G is a permutation group on X. Then g -z = g(x) is a
an action.

Ezample 11.4. G = (Z,+) and 0 : X — X a bijection. Then n -z = o™(z) is
an action.

Definition 11.5. Let G act on X. Define an equivalence relation on X by
xEy < Jg(g - © = y). The equivalence classes of this relation are the orbits
of the action. We say the orbit of z is [x]p = G-z = {g-x : g € G}. G acts
transitively on X if for all x, G-z = X.

X/FE is usually written X/G and is called the orbit space of the action.

Ezample 11.6. G,, acting on R™ by evaluation is transitive.

Ezxample 11.7. If G < H, with the action g - x = gz then the orbit of x is the
right coset Gz.

Example 11.8. Let « be irrational. Z acts on T by n - z = ™z, The orbit of
z is the countable set {e”"o‘z tn e N}.

Example 11.9. Let Q act on R by left-translation. Then the orbit space is the
same as the one discussed in the creation of the Vitali set.

Definition 11.10. If G acts on X and A, B C X, we say A and B are G-
congruent (A ~¢ B) if 3g € Glg- A = B].

Ezxample 11.11. G,-congruence on R™ is exactly usual geometric congruence.

Definition 11.12. A, B are G-equidecomposable (A ~g B) if A = ||} Ay,
B = L]Z Bk, and Ak ~a Bk.

Ezxample 11.13. For G,, acting on R we just say equidecomposable and write
A~ B.

Proposition 11.14. ~g is an equivalence relation.

Proof. Reflexivity and symmetry are trivial.

Assume A ~¢ B and B ~g C by A; 2y B, and B; h—J> C;. We can
refine the partitions {B;} and {B,} as {B; N B;}. This gives rise to partitions
A = {g;"(B;NB;j)} and C = {h;(B;N B;)}. Then the transitivity of ~¢
follows from the transitivity of ~¢. O

Ezample 11.15. [0,1] % (0,1] but [0, 1] ~ (0, 1] as we showed earlier in the class.

Ezample 11.16. The parallelogram with width w and height h is equidecompos-
able with a rectangle of width w and height h. See the diagram below.
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Region 1 includes the interior and boundary of the trapezoid minus the circle
inside. Region 2 includes only the interior of the triangle. Regions 3, 4, and
5 are intervals on the boundary of the triangle. Region 4 has no endpoints.
Regions 3 and 5 each have one endpoint, denoted by the hard bracket. Region 6
(not fully drawn) is a countable union of radii (each including the point on the
boundary of the circle but not at the center) generated by an irrational rotation.
Region 7 is the circle inside the trapezoid minus regions 5 and 6.

It is obvious how to move all regions but 6 from the left figure to the right
figure via rigid motions. Region 6 is rotated forward by one unit in order to
vacate the space of the first radius. Region 5 then occupies that space.

Definition 11.17. Let G act on X with A, B C X. We say A <X¢ B if
A~g B' CB.

Theorem 11.18. A <¢ B and B <¢ A iff A ~g B.

The proof is a modification of a proof of the Cantor—Schroeder—Bernstein
theorem, which is a similar statement for set-theoretic injections and bijections.
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12 The Banach—Cantor—Schroeder—Bernstein The-
orem

Theorem 12.1. A <g B and B <¢ A iff A ~g B.

Proof. If A ~g B, then there is a bijection f : A — B such that A’ ~g f(A’
for any A’ C A. Additionally, if A; ~g By and Ay ~g By with A1 N Ay =0 =
B1 N BQ, then Al @] A2 ~aG Bl @] BQ.

Now let A ~¢ B; by f and B ~¢ A; by g. Inductively define Cy = A\ A
and Cpy1 = ¢f(C,). We have C;, € A and C; NC; = O for i # j. Let
Cc=,C,CA Now A\ C C A,. Performing a calculation,

g HANC) =g (AN JCn)

g ANC) =g AN\ g7 (Cn)

Then we have C ~¢ f(C) and A\ C ~, B\ f(C). Therefore, A ~¢ B. O

Definition 12.2. A similarity in R™ is a bijection S : R™ — R"™ such that for
some a > 0, |S(z) — S(y)| = |z —y| for any z,y € R"™. Similarities form a
group with isometries as a subgroup. We say A and B are similar if there is
some similarity S with S(4) = B.

Fact 12.3. If A, B C R" have non-empty interior and A, B are bounded, then
we can decompose A = AU Ay, B = B1U By such that Ay is similar to By and
As is stmilar to Bs.
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Proof. A shrinking map oz — xo) + o with 0 < o < 1 and zp € R" is a a
similarity. Isometries are similarities. By composing a shrinking map and a
translation, we can find a similarity S with S(B) C A and likewise a similarity
T with T(A) C B. (Consider that A is contained in a ball of radius M and B
contains a ball of radius m; let 0 < a < ;) By theorem 12.1, we're done. [

13 Geometric Dissection of Polygons

Definition 13.1. Two polygons are congruent by dissection if P = J;_, P;,Q =
U7, Q; such that

e P, (Q; are polygons

o P~ Q)

e P;, P; are disjoint ignoring boundaries if i # j
e ();,Q; are disjoint ignoring boundaries if ¢ # j

Theorem 13.2 (Bolyai-Gerwien). Polygons in R? are congruent by dissection
iff they have the same area.

Proof. Obviously, if two polygons are congruent by dissection, they have the
same area.

For the other direction, it suffices to show that every polygon is congruent
by dissection to a square of the same area.

Triangle Case Assume the polygon is a triangle. Then it is congruent by
dissection to a rectangle of the same area. Proof by picture:

w

Now take a rectangle of width w and height h; we’ll show it’s congruent by
dissection to a square with sidelength s = vwh. We can assume h < w < 4h
(If not, cut the rectangle in half and rearrange the halves to get a rectangle of
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width % and height 2h.) This guarantees that point NV lies on segment L.J in
the following diagram.

W

General Case Decompose the polygon into triangles. This is congruent by
dissection to a disjoint union of squares. It suffices to show that the disjoint
union of two squares is congruent by dissection to a square. Let the squares
have sidelengths a,b and ¢ = Va2 + b2.

O

Theorem 13.3. Two polygons are congruent by dissection (have the same area)
iff they are equidecomposable.

We'll show now that congruence by dissection implies equidecomposability.
Later, we’ll show that equidecomposability implies equality of area.
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Definition 13.4. Let A C R™. The interior of A is

A= G
GCA
G open

A= () F

FDA
F closed

The closure of A is

The boundary of Ais 6A = A\ A°.

Lemma 13.5. Suppose A C R? is bounded and has nonempty interior. Let T
be a finite union of finite line segments and points such that ANT = 0. Then
A~AUT.

Proof. Let D C A be closed disk with radius » > 0. Write T = |_|?=1 S; where
each S; is a point, open interval, or half-open interval of length less than r. Use
the “shift trick” as in the last lecture to show that D U S; < D. (generate a
countable union of line segments via an irrational rotation, then shift if by one
rotation to make room for an extra) Obviously D < D U Sy, so by 12.1 and
induction, AUT ~ A. O

Proof of 13.3. Suppose that P,Q C R? are polygons congruent by dissection,
P=UL, P,Q=",Q with P, = Q;, PYNPy =0=QfNQ7 for i # j.
Then P? =~ QY and |J;_, P? ~ JQS. Apply the lemma to A = |J;_, P? and
T =P\ U, P°. Do similarly for Q. Then

n

P~ P ~J@~@
i=1

i=1
O

Definition 13.6. Let G act on X. A C X is G-paradozical if there are B,C C
A, BNC =0 and B ~g A ~g C. We call X just paradoxical if it is paradoxical
with respect to the group of isometries in R™. We call G paradoxical if the set
G is paradoxical under the action of left-translation by G.

Ezample 13.7. Let Fy be the free group on 2 generators, say a and b. We'll
show Fg is paradoxical. For x € Fy, define S(z) to be the set of all reduced
words starting with x. Now Fy = {1} U S(a) US(a=!) U S(b) U S(b~1). Words
in S(a~!) do not have a as their second letter, so aS(a=!) = Fy \ S(a). Then
S(a)u S(a=t) ~p, Fa. We can do the same with b, so Fy is paradoxical.

In the above decomposition, 1 was not in either of our pieces. Let’s do a
different decomposition.

Ay = S(a), Ay = S(a7t), A3 = S)U{b™ :neN}, 44 = SO\
{b=" : n € Z*}. Then we have A; UaAs =TFy = Az LIbA,.

This is a concrete example of a result we’ll show in generality later: if X is
paradoxical, then we can have X = AU B with A ~¢ X ~g B.
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14 Properties of Paradoxical Sets

Proposition 14.1.
1. If A is G-paradozical and A ~g A’, then A’ is G-paradozical.

2. A set A C X is G-paradozical iff there are B,C C A with BN C = 0,
BUC = A such that A ~g B ~g C.

Proof. (2) The reverse direction is obvious. For the forward direction, let B, C' C
A such that A ~¢g B ~¢ C with BNC = (. Then A <¢ A\ B and A\ B X A.
So A~g A\B=DB and A ~g=C'". Then A ~g B’ ~g C' with A= B UC(C".
O

Definition 14.2. Let G act on X and p: P(X) — [0,00] be a fam. Then p is
G-invariant if for any A C X and any g € G, u(g- A) = u(A).

If 1 is G-invariant and A, B C X are such that A ~g B, then u(A) = p(B).

Proposition 14.3. If p: P(X) — [0,00] is G-invariant and A C X is such
that 0 < u(A) < oo, then A is not G-paradozical.

Proof. Assume not and let A = BUC with A ~g B ~g C. Then u(A) =
u(B) = p(C) and p(A) = p(B) + p(C), so u(A) = 2u(A). O

A result due to Tarski gives a converse:

Theorem 14.4 (Tarski). Let G act on X. Then for any A C X, the following
are equivalent:

e A is not G-paradoxical
e There is a G-invariant fam p: P(X) — [0, 00] with u(A) = 1.

Definition 14.5. Let G acton X and A C X, f : A — R. Define f,: g71- A —
R by fo(z) = f(g- ).
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Theorem 14.6. Let G act on X. Let i : P(X) — [0, 0] be a G-invariant fam.
Let f: A — R be bounded, g € G. Then

/g o= gan

Proof. First, consider characteristic functions f = xp. Then f;, = x,-1.5, so

= = 71. = =
/gl.Afgd,u/gl.AXgl-Bdﬂu(g B) = u(B) /Afdu

By linearity, the theorem holds for all step functions. Now let f : A — R
be an arbitrary bounded function and (f,,)nen be a sequence of step functions
converging uniformly to f. Then (f,), is a step function on g='- A and (f,,), —
(f)g uniformly. Then

/A‘fd/ﬁ:lirrbn/AfnduzliTan/gI'A(fn)gdu:/gl'Afdu_

Fact 14.7. There are A, B C R? such that A° # 0, B° =) but A ~ B.

Proof sketch. First, pick a countable dense D C S%. There are only countably
many rotations R so that D, R(D), R*(D),... are not pairwise disjoint. Since
there are uncountably many rotations, pick one so that they are pairwise dis-
joint. Using the usual shift trick, we see that S? ~ S2\ D. We can extend this
from S? to the unit ball by considering D’ the set of radii whose endpoints are
in D. O

Definition 14.8. A C R" is nowhere dense if A% =.

Fact 14.9.
o If Ay,..., A, are nowhere dense, then |J;—_, A; is nowhere dense.
e If A~ B and A is nowhere dense, so is B.

Proof.

o It suffices to show this for the case n = 2. AUB = AU B, so we can
assume WLOG that A, B are closed. Assume there is an open nonempty
UCAUB. Consider UN\A=UN(R"\A). UNAC B,soU\ A=10.
But then U C A; contradiction.

o Let A=J, A;, B=;_, B; with A; = g;B;, g; isometries. 4; C 4, so
EO C Zo
Since isometries are continuous, (ie. take limit points to limit points)
A; = ¢;B;. Now if x € U C B; with U open, then by the continuity of
g;l, gix € g;U C B; with ¢;U open. Therefore, Eo - Eo = (. Then B;
is nowhere dense. Since B is a union of nowhere dense sets, it is nowhere
dense.

O
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15 Paradoxes in Dimension < 2

Definition 15.1. Let G be a group, S C G finite nonempty, S = {g1,...,9n}
Define Bs(k) = {gi, ---9i, = | <k,1<i; <n}. Let Ng(k) = |Bs(k)|.

It is clear that Ng(k) < Ng(k + 1).
Ezample 15.2. G = (Z,+). S ={-1,0,1}. Bg(k) ={-k,—k+1,...,0,1,...,k}
and Ng(k) = 2k + 1.
Ezxample 15.3. G =Fy = (a,b), S = {a,b}. Bg(k) ={z1---a; : | < k,z; € {a,b}}
and Ng(k) = 28+1 — 1.

Definition 15.4. G has polynomial growth if for every finite S C G, there is
some M € R*, d € N so that Ns(k) < Mk? for all k.

Remark 15.5. If G is finitely generated, say by Sy, then G has polynomial
growth iff there are M, d so that Ng, (k) < Mk?. This holds because given any
other S’, there is some ko so that S C Bg,(k). Then Bg(k) C Bg,(kko) <
M (kko)? = (Mk3)k?. WLOG, we may assume that Sy is symmetric, ie. closed
under inverses.

Proposition 15.6. If G is abelian, then G has polynomial growth.

Proof. Let S = {¢1,...9n} C G. Then every element of Bg(k) is of the form
g7t -+ - g% where a; € {0,...,k}. So Ns(k) < (k+1)™ < 2"k™. O
Theorem 15.7. G, the group of isometries of R, has polynomial growth.

Proof. S = {p1,...,0n} € G1. Then p;(x) = a;x + b; with a; € {-1,0,1}.
Then ¢ = @i, i, - i, = ax + b with a € {-1,0,1} and b = Y, ¢;b; with
¢; € —k,—k+1,...,k Then Ng(k) < 3- (2k +1)" < (2-3")k". 0

Fact 15.8. Ng(k +1) < Ng(k)Ns(l). In particular, Ng(k) < (Ns(1))*.

Proof. Let g = gi, -+-giy € Bs(k) and h = g;, -+~ gir € Bs(l) for k' < k and
I! < 1. Then gh € Bgs(k + 1) and the map Bg(k) x Bs(l) — Bs(k + 1) by
(g, h) — gh is onto. O

Fact 15.9.
a = lim {/Ng(k) exists.
k—o0

Note that by 15.8, 1 < a < Ng(1)
Proof. If 1 > k, we have [ < k L%J + k, so
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Let | — oo, then

=
—

Tim, N (1)t < Ns(k)
Since k was arbitrary, we have
limy N (1) < limy, Ns(k)*.
O

Definition 15.10. G is exponentially bounded if limy Ns(lc)% = 1 for any finite
S CG.

Ezxample 15.11. Any polynomial growth group is exponentially bounded.
Proof. Ng(k) < Mk? so Ng(k)* < M*tk%. Then

k—o0

lim Ng(k)* < <lim Mri> lim (k%)% =1
k—o0 k—o0
O

Ezample 15.12. Fy = (a,b) and S = {a,b}. Ng(k) = 28** — 1, so Ng(k)% =
(2¥1 — 1)% and limj Ng(k)* = 2 > 1. Therefore F, is not exponentially
bounded.
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16 Paradoxes in Dimension < 2 (cont.)

Theorem 16.1 (Sierpinski). If G acts on X and G is exponentially bounded,
then there are no non-empty G-paradoxical sets in X.

Corollary 16.2. There are no nonempty paradozical sets in R'.

Proof. Suppose ) # A C X is a G-paradoxical set. A ~g B ~g C with
A=BUC. Let op1 : A — B and s : A — C be the bijections given by
equidecomposability. Fix zo € A and look at ¢y, - - ¢;, (xo) with i; € {1,2}.

Assume (iy,...,i) # (i1,...,i;). Let j be minimal so that i; # ;. Then
©i; - i, (T0) # Pir - Py, (z90), since one of these lies in C' and the other in B.
Then ¢;, -+ @i, , is injective, so @i, -+ i, (T0) # @iy -+ pir (T0)-

Let S ={¢1,.--,9m,h1,...,hn}, where the g; are congruences between the
pieces of A and B and h; are congruences between A and C. Then ¢;, - - - ¢;, (z0) =
f1 -+ fr(zo) with f; € S. This map is injective, so Ns(k) > 2% and G is not
exponentially bounded. U

Proposition 16.3. If G is not exponentially bounded, then for any o > 1, there
is a finite S C G and n € N so that Ny(k) > oF if k > n.

Proof. Since G is not exponentially bounded, there is finite Sy C G with

lim Ng, (k)% =8> 1.
k—o0

Let my be such that g™° > «a. Then Ng, (mok)ﬁ — B. Then for large
enough k, Ng,(mok) > o*. Let S = Bg,(mok). Then Bg,(mk) C Bg(k) and
Ng(k) > Ng,(mk) > aF. O

Theorem 16.4 (Mazurkiewicz—Sierpinski). There is a countable set A # 0 in
R2 and a partition A = Ay U Ay such that A~ A; ~ A,.



Alexander Kechris Mal91 Geometrical Paradoxes Feb 5 2015

Proof. Think of R? as C. Consider N[z], the set of polynomials with non-
negative integer coefficients. Let ¢ € C be transcendental with |¢] = 1. Let
A={p(c) : peNJ[z]}. Let Ay = A+ 1 and Ay = cA, so that A =~ A; ~ A,.
Let p € N[z] with p = > ja,2™. Ifap =0, then p =2 | a,z" ! = zp/, so
p(c) € Ay, Also, p(c) € Aa, since there is no p’ such that p = p’ + 1. Similarly,
if ag # 0, then p(c) € Az and p(c) € Ay. Therefore A = A; U A,. O

Definition 16.5. A group G is amenable if there is a G-invariant fam p :
P(G) — [0,1] such that u(G) = 1.

Recall this theorem of Tarski, which will be proven later:

Theorem 16.6. If G acts on X and A C X, then A is not G-paradozical iff
there is a G-invariant fam p: P(X) — [0, 00] with pu(A) = 1.

So G is not paradoxical iff G is amenable.

Definition 16.7. G is supramenable if for any nonempty A C G there is a
G-invariant fam p : P(G) — [0, 00] with pu(A4) = 1.

Applying Tarski’s theorem again, G is supramenable iff G has no nonempty
paradoxical sets.

Proposition 16.8. For a group G, we have the following chain of implications:
G abelian = G has polynomial growth = G is exponentially bounded = G
is supramenable = G is amenable.

Proof. We’ve proven the first two implications already, and the last is obvious.
The third follows from 16.1 and 16.6. O

Definition 16.9. A group G is solvable if there is a sequence 0 = Hy < Hy <
.-+ < H,, = G such that H,;11/H; is abelian.

Theorem 16.10. G5 is solvable.

Proof. We claim {1} <4 T» < SG2 4 G2, where T; is the group of translations
and SGy is the group of direct isometries.

Obviously, {1} < Ty with T/ {1} = Ty = (R?, +) abelian.

Given ¢ € SG4, let ¢* be the corresponding orthogonal transformation.
@ — ¢* is a surjective homormorphism onto SOy whose kernel is T5. Then
SGQ/TQ = SOQ = (Sl, ) is abelian.

Consider the map ¢ — det p*. It is a surjective homomorphism from G
onto the group of order 2 with kernel SG3. So G2/SG2 = ({—1,1},-) is abelian.
O

Theorem 16.11. FEvery solvable group is amenable.

Proof. Tt is enough to check that if G < H and G and H/G are amenable, then
H is amenable. Let p,v be translation-invariant fams on G, H/G respectively
with u(G) = 1 = v(G/H). If C = hG, define uc(B) = p(h~1B). For this to



Alexander Kechris Mal91 Geometrical Paradoxes Feb 5 2015

be well-defined, it must be independent of the choice of h. Assume hG = h,G.
Then hi'h € G, so u(h'B) = u((hy*h)h~*B) = u(h~'B).

Given A C H and C € H/G, let fa(C) = uc(ANC). So let A(4) =
fH/G fadv. Let’s check that X is a fam.

* A0)=0
e A(H) =1 because fg is the constant 1 function
e \M(AUB)=XA)+ A\(B) when AN B = () because faup = fa+ [B

Now let’s check that A is H-invariant. Let A C H, hg € H. We need to check
that A(hgA) = A(A).
froa(C) = pc(hoANC)
= A(4)
Jnoa(C) = (fA)thG(C)

)\(h()A) = thAdl/
H/G

= / fAdl/
H/G

= / (fA)ho—ladV
H/G
— A(4)

O

Theorem 16.12. Let G < G,, be amenable. Then there exists a G-invariant
fam p: P(R™) — [0, 00] which extends Lebesgue measure.

Corollary 16.13. There are no bounded paradozical sets in R? with nonempty
interior.

Proof of Corollary. G4 is amenable, so there is an isometry invariant fam pu
extending Lebesgue measure. If A is bounded with nonempty interior, then
0 < p(A) < oo, s0 u(A) #2u(A). O

Corollary 16.14. There is a translation-invariant fam p : P(R™) — [0, 00]
extending Lebesgue measure.
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17 Paradoxes in R?

Theorem 17.1. Let G < G, be amenable. Then there is a G-invariant fam
p: P(R™) — [0, 00] which extends Lebesgue measure.

Corollary 17.2. There exists a fam on P(R?) which is isometry-invariant.
Therefore, R? has no nonempty paradozical sets that are bounded with nonempty
interior.

Corollary 17.3. Two polygons in R? are equidecomposable iff they are congru-
ent by dissection (ie. have the same area)

Proof of Corollary 17.3. We've seen in Section 13 that congruence by dissection
implies equidecomposability. Let p be as in 17.2. Then if P, Q are equidecom-
posable, u(P) = u(Q). Since polygons are Lebesgue measurable, mq(P) =

u(P) = p(Q) = m2(Q). U

Proof of Theorem 17.1. By the fam extension theorem, there is a fam v : P(R™) —
[0, 0] which extends Lebesgue measure. Fix a fam A : P(G) — [0,1] which
is left invariant with A\(G) = 1. For A C R"™ define f4 : G — [0,00] by
falg) = v(g~tA). Then define

1(A) = {fG falg)dA(g), if fa is bounded

0, otherwise

See that this is a fam extending Lebesgue measure:
o 1(0)=0

e AABCR" ANDB = (. If either f4 or fp is unbounded, then so is
faup and p(AU B) = oo = pu(A) + p(B). If both are bounded, then
faus = fa+ fB,so n(AUB) = p(A) + pu(B).

o Let A € LM(R™). Then fa(g) = v(g7*A) = m,(g~tA) = m,(A) so
n(A) = fG fad\ =m,(A).
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Now we see that p is G-invariant. Fix h € G. Then

froalg) =v(g~"h- A)
fn-alg) = fa(h™'g)
Jnalg) = (fa)n-1(9)

So fh~A = (fA)h—l. Then
pu(h - A) = /th-AdA
- 2) = [ (Faa-ran

uth-4) = [ (Fa)an
u(h- A) = p(A)

Theorem 17.4. Let G act on X.

(i) If G is amenable, then there is a G-invariant fam on P(X) such that
n(X) = 1.

(i) If G is supramenable, then for every nonempty A C X, there exists a
G-invariant fam p on P(X) such that p(A) = 1.

Corollary 17.5. G2 is not supramenable. (By 16.4, it has a nonempty para-
dozical set when acting on R?, which breaks (ii))

Proof. We'll just prove (ii); it’s clear that (i) follows from the same argument.

Fix 29 € X with G-z NA#D. Let Ag={g€ G : g-x9 € A}. Let v be a
fam on P(G) which is invariant under left-translation and v(Ap) = 1. Then for
B C X, define u(B) =v({g : g-x0 € B}). pisclearly afam. pu(A) =v(A) = 1.
Now

u(h-B)=v({g: g 70 € h- B))
p(h-B)=v({g:h"'g zy € B})
u(h-B) = v({hf : [ w0 € BY)
u(h-B) = v(h {f : [ w0 € B)
u(h-B) = v({f: f 20 € BY)
p(h-B) = pu(B)
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Theorem 17.6 (Invariant Extension Theorem). Let G be amenable. Let A C
P(X) be G-invariant algebra of sets (ie. A is closed under the action of G).
Suppose R C A is a G-invariant subring of A. Let ur be a G-invariant fam on
R. Then there is a G-invariant fam pa on A extending R.

Proof. This is a generalization of 17.1, where R = LM(R") and A = P(R").
Let A be a measure on P(G) witnessing the amenability of G. Let u4 extend
pir by the fam extension theorem. Then put u(B) = [, pa(g™'B)dA. O

18 Amenability

Let’s recall the definition:

Definition 18.1. A group G is amenable if there is a fam u : P(G) — [0,1]
such that u(G) = 1 and invariant under left-translation, ie. u(gA) = u(A) for
geG, ACQG.

Ezample 18.2. Finite groups are amenable with the measure u(A) = |‘A‘|

Ezample 18.3. Consider the group (Z,+). Let A C Z and v a fam on P(N)
with ¥(N) = 1 and v({n}) = 0. Define

[AN{=n,...n}]|
A) = d
p(a) = [ A )
It’s easy to see that u is a fam. Let’s check that u(k + A) = p(A).

|(k+A)N[-n,n]| |[AN][-n,n]
< _
(ke + A) = p(A)] / 2n+1 el
|Aﬁ —n,—k+n]| |AN[-n,n]|
otk +A) = u(A)] ‘ 2n+1 e Rl
ke + A) — ()] < / S dv(n)

lu(k+A) — p(A)] =0

Note that whenever f : N — R is such that lim, o f(n) = 0, then [ fdv =0
becat.lse Jy fdv = f[O,N] de"’_f[N,oo] fdv, where the first part is 0 and the second
part is < ¢ for large enough N

Proposition 18.4. A subgroup of an amenable group is amenable.

Proof. Say H is amenable and G < H. Consider the right-cosets Gh, h € H,
of Gin H. Let S C H contain exactly one element from each coset. Let v be
a H-invariant fam on P(H) such that v(H) = 1. Define a fam p on P(G) with
w(G) = 1 by u(A) = v(AS). The fact that p is a fam follows easily from the
fact that v is a fam. Now

u(gA) = v((gA)S) = v(g(AS)) = v(AS) = u(A)
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Proposition 18.5. If G is amenable and N < G, then G/N is amenable.
Equivalently, if G is amenable and f : G — H 1is a surjective homomorphism,
then H is amenable.

Proof. Let f: G — H be a surjective homomorphism. Let v be a measure on
P(G) witnessing the amenability of G. Let g on P(H) be the push-forward
measure u(B) = v(f~1(B)) O

Proposition 18.6. e If N 4G with N,G/N amenable, then G is amenable.
o If G, H are amenable, then so is G x H.

Proof. We proved the first statement when proving that solvable groups are
amenable (16.11). The second statement is a corollary of the first, as G < G x H
and (G x H)/G = H. O

Proposition 18.7. If G is amenable, then there is a fam p on G with u(G) =1
and p is both left- and right-invariant.

Proof. Let p; be a left-invariant fam on G with p;(G) = 1. Define p,(A4) =
pi(A~Y). Then p, is a right-invariant fam on G with p,.(G) = 1. Now define
p:P(G) = [0,1] by

w(A) = /G pu(Ag=)dp(9)
wis a fam with p(G) = 1. Tt is left-invariant by the left-invariance of p;:
n(hd) = | et ™)dpet) = [ (g™ (a) = u(4)
Let f(g) = w(Ag™1); we'll show the right-invariance of y.
p(an) = | pu(ahg~)dn, (o)
() = | puAlah™) " dn (o)
pan) = | f(ah=)an (o)

H(AR) = /G £(9)dpr(9)
(Ah) = p(A)

where the fourth step comes from the right-invariance of p,.. O
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19 Amenable Groups

Theorem 19.1. Let (G;)icr be subgroups of G so that for any finite S C G,
there is an i € I with S C G;. If each G; is amenable, so is G.

Corollary 19.2. If every finitely generated subgroup of G is amenable, so is G.

Proof of 19.1. For each A C G and r € R, introduce a propositional variable
pa . Intuitively, pa , is true iff p(A) > r. Let ® be the following set of formulas:

1. pa, for each A C G.
. Pag=payfor ACG, g>r.
. (pag ADPBr) = PAUB.gir for ABC G, ANB=10,q,reR

. (ﬁpA,q A ﬁpB,T) = TPAUB,q+r for Aa B g Ga ANB = @7 q,T eR

2
3
4
5. pagq=>pBgfor ACBCG, geR
6. pg, for each r <1

7. =pg,r for each r > 1

8. par & pgarfor ACG, geG, reR

If a valuation v satisfies ®, then define p : P(G) — [0,1] by

w(A) =sup{r e R : v(pa,) =1}

This works just as in the proof of the fam extension theorem. To find such a v
we'll use the Compactness Theorem. Fix finite &y C ®. Let {g;},.,, € G be all
of the group elements appearing in ®. In fact, ® need not be finite as long as
only finitely many group elements appear. By assumption, there is an amenable
G; < G with {g;},-,, € Gi. Let p; be a measure witnessing the amenability of
Gi. Define i : P(G) — [0,1] by

A(A) = ni(ANG;)
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Then i is a fam on P(G) with 4(G) = 1. It’s also left G;-invariant:

(9A) = pi(
fi(gA) = ni(9A N gG;)
fi(gA) = ni(9(ANGy))
[i(gA) = pi(AN Gi)
[i(gA) = i(A)
Therefore, ®( is satisfiable and by compactness ® is. O

Definition 19.3. A group satisfies the Falner condition if for each finite S C G,

€ > 0, there is a finite nonempty F' C G so that for all g € 5, |g1Tﬁ‘F\ < e.

Ezxample 19.4. If G is finite, let F = G.

Ezample 19.5. (Z,+). Fix finite S C Z. Find k so that S C [k, k]. Take n so
that n > £ and let F = [-n,n]. Then if m € F,

|(m + F)AF) 2|m)| 2k
< < <E€.
|F| “2n+17 2n+1

Ezample 19.6. (Z*,+). Let S C [—k,k]*,e > 0. Let F = [—n,n]?. Then if
g€s,
(F+g)AF| _ 4@n+1)k _ 4k

|F| = @nt+1)2  2mn+l

So we can clearly pick n large enough so that the quotient is less than .

Proposition 19.7. A countably infinite group G satisfies the Folner condition
iff there is a sequence (F,) of nonempty finite subsets of G such that

F,AF
Vg € G| lim lgFn AP

n— oo |Fn|

=0

(Fy) is called a Folner sequence.

Proof. Let G ={g1,92,...} satisfy the Fglner condition. For each n > 0, let F,
be finite nonempty such that for all g € {g1,...,9n}, % < 7% Then (F,)

is a Fglner sequence.
Fix a Fglner sequence (F},). Let S C G be finite, € > 0. let N € ZT be large
enough that

F,AF,
vnszgeS[Q"A”'@]

[P
Take F' = Fiv; G satisfies the Fglner condition. O
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20 Amenable Groups (cont.)

Theorem 20.1. Let G be a group. The following are equivalent:
1. G is amenable
2. G satisfies the Folner condition
3. G 1is not paradozical.
Before we can prove this, we’ll need a theorem of Hall.

Definition 20.2. If V is a set and E C V? is symmetric and irreflexive, then
(V,E) is a graph. A bipartite graph has a vertex partition V = X UY with
—zEBx if x,x € X and ~yEy' if y,y € Y. A perfect (1,k)-matching M C E
is such that for all x € X, there are exactly k distinct y € Y so that xEy and
for all y € Y, there is exactly one x € X with xFy. Equivalently, a perfect
(1, k)-matching is a k-to-1 function ¢ : ¥ — X (that is, [~ (z)| = k) with
graph(p) C E. A perfect (1,1)-matching is often called a perfect matching. If
A CV, then the neighbors of A are N(A) ={v €V : Ja € AlaEv]}.

Theorem 20.3 (Hall (1, k)-matching theorem). Let F' be a locally finite bipar-
tite graph (every vertex has only finitely many neighbors) with vertices X UY .
There is a perfect (1, k)-matching iff for all finite AC X, BCY, |N(A)| > k|A]
and [N(B)| > 1 |B.

Proof of 20.1. We already have 1 = 3.

(2=1) Assume G is countable. Then fix a Fglner sequence (F,). Let u be a
fam on P(N) such that p({n}) =0, u(N) = 1. Define v : P(G) — [0, 1] by

_ [lAnE,

Y= | TR

dp(n)
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Clearly v is a fam on F' and v(G) =1. Fix g € G.

lgANE,| |ANF,|
gA) —v(A)| = /< — du(n
lod) —va)| = | [ (et = S ) dut)
[gANF,| |ANEF,|
v(gA) —v(A S/ — du(n
od) - via) < [ | e du)
|ANg™'F,|  |ANE,|
v(gA) —v(A §/ — du(n
od) - via) < [ |t o )

|@A—u</”_FN” dpu(n)

7]
(g A) — v(A)] =0
v(gA) = v(A)

Now let G be arbitrary. For each finite S C G, ¢ € QF, let F(S,¢) C G be

finite nonempty with
|9F'(S,e)AF (S, )| }
Vge S { <e
|F(S,¢e)l

For each finite S C G, let Sy = (S) and
Spi1=5.U | J F(Se)

finite S'CS
e€Q™

So < 81 < --- with each S,, countable. Then S, = |J,, Sn is countable and
satisfies the Fglner condition. Then S, is amenable containing S. S was an
arbitrary finite set, so by Theorem 19.1, G is amenable.

(3=2) Assume G fails the Fglner condition — we’ll show that G is paradox-

ical. Let Sg C G and 2¢p > 0 be such that for every finite nonempty F C G,

there is sg € Sp, % > 2e9. We'll need some lemmas:

Lemma 1 There is A > 1 and a finite S, C F with 1 € S, and for all
nonempty finite F' C G, |SxF| > A |F)|.

Proof of lemma 1 We have |soFAF| =2|F \ soF|. Let Sy = So U {1}.
Then for each finite F' C G, S\F' D F and S\F \ F = SyF'\ F. So
|SAF| = [F| = [SoF' \ F| = [soF' \ F| = [F'\ soF| > &0 |F|
Then ‘S)\F| > (1 —|—60) |F| Set A =1+ ¢&g.

Lemma 2 (Amplification) There is a nonempty finite S C G so that for
all finite nonempty F C G, |SF| > 2|F|.
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Proof of lemma 2 Pick n so that A > 2. Then |SVF| = |S)\(Sfle)’ =
A|S3'F|. By induction, |[SYF| > 2|F|.

(83=2) Consider the graph (X UY,E) where X = G =Y and gEh < 3s €
Slsg = h]. f A C X is finite, then N(A) = |SA| > 2|A|. Then take finite
B CY. NB)=S8"'B2s;'B, so |N(B) > |s;'B| = |B| > 3|B|. By
20.3, there exists a perfect (1,2)-matching. In other words, there is a 2-to-1
surjection ¢ : G — G. For h € G let ¢~ 1(h) = {¢1(h),v2(h)} (here we invoke
Choice). Now G = ¢1(G) Ue(G). For s € S, let Ay = {h : ¢¥1(h) = sh}.
Similarly, let By = {h : ¢2(h) = sh}. Then G = || ,.qAs = |l,cg Bs and
V1(G) = |scq 54s, ¥2(G) = |l e 8Bs. Therefore, G is paradoxical. O

Corollary 20.4. If G is exponentially bounded, then G is amenable.

Proof of 20.3. The forward direction is trivial.

For the backwards direction, first assume the £ = 1 case; we’ll prove the
general case from it. Let G = (X UY, E) be a graph satisfying the hypothesis
of the theorem (we’ll refer to this as Hall’s condition from now on). Define
G = (|_|iC X;UY, E) with X; as copies of X. If x € X, let x; be its copy in Xj.
We say z;F'y in G’ if zFEy in G.

Fix finite A’ C X’. Define a projection A’ = {x € X : Ji[x; € A']}. Then
|A'| < k|[A’] and N (A') = NY(A') so

NG (a)

= [NE(A)] = k [A'] > | A
Now fix finite B’ C Y. Then
ING(B)| = k[NF(B)| > by |B| =[B!

Apply the k = 1 case to get a perfect matching M’ on G’. Then define a perfect
(1, k)-matching M on G by

(z,y) € M & Ji(x;,y) € M’

The k£ =1 Case Using a Schroeder-Bernstein argument, we can reduce this
to a one-sided version:

If for all finite A C X we have |[N(A)| > |A|, then there exists an injection
v : X =Y such that (z,¢(x)) is an edge.

Finite case We’'ll induct on |X| =m. The m = 1 case is obvious.

Assume that there is X' C X with 1 < |X'| < m and |[N(X")| = |X'].
Use the induction hypothesis to find an injection ¢’ : X’ — N(X’) consisting of
edges. Let X" = X\ X'. Restrict the graph to X" Y\N(X'). If B C X", apply
Hall’s condition to B U X’. Then Hall’s condition is satisfied for this graph, so
there is an injection ¢” : X" — Y consisting of edges. Take ¢ = ¢’ Ll ¢".
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Now assume that for all X’ C X, 1 < |X’| < m, we have |[N(X')| > |X'|.
Now let A" = X \ {z0} and B’ =Y \ {yo} with 29Eyo. Then Hall’s condition
holds on the induced subgraph on A’ LI B', so there is an injection ¢’ : A" — B’
consisting of edges. Then ¢ = ¢’ U (xg — yo) is as desired.

X is infinite If Hall’s condition holds for a graph, it hold in every con-
nected component. Then it suffices to consider connected graphs. Then X,Y
are countable, since the graph is locally finite. Let X = {z1,9,...} with
x; # x; when ¢ # j. By the finite case, for each n, there is an injection

on : {z1,... 20} = N{z1,...,2,}) consisting of edges. Consider the se-
quence @, (z1). Since the graph is locally finite, there is a constant subsequence
ng <np < -+, Pn, (1) = y1. By the same argument, we can find a y; for each

x;, and x; — y; is the desired matching.
O
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21 Amenable Groups (cont.)

Conjecture 21.1 (von Neumman Conjecture (M. Day)). A group G is amenable
iff Fo £ G.

In the 1980s, Olshaanski showed that this is false. In fact, there are nona-
menable groups without any elements of infinite order.

Fact 21.2. If G < GL,(R), then von Neumman’s Conjecture holds.

Proposition 21.3. If G is amenable and G acts on X, then X is not paradox-
ical. In fact, there is a G-invariant fam p: P(X) — [0, 1] with u(X) = 1.

Proof. Let v witness the amenability of G. Let zg € X and consider the map
f:G — X given by f(g) = g-x¢. Let u = f.v, that is, u(A) = v(f~1(4)). O

Definition 21.4. Let G act on X. This action is free if for every g # 1, g-x # .

Theorem 21.5. Let G be a nonamenable group. If G acts freely on X, then X
18 G-paradozical.

Corollary 21.6. If G acts freely on X, then G is amenable iff X is not G-
paradozical.

Proof of Theorem 21.5. Let A,B C G with AUB =G and G ~ A ~ B. By
Choice, let C C X have one representative from every G-orbit of X. Now for
reC,A-z2UB v =G -z Let A" = U,cc A 7 and B* =, B-2.
Then X = A*UB*. Let A =|]|", A, G=|[",H and A, = g;H;. Let
A =Uyec Ai-xand Hf = U,cc Hi-x. Then A* = | || A¥, X = | |\, Hf,

zeC
and
n
gi - H =g U H; x= U giH;-x = |_|Ai'ﬂb“=f4;'k
zeC zeC i=1
Then X ~g A* and similarly X ~g B*. O

In fact, we can strengthen this theorem.



Alexander Kechris Mal91 Geometrical Paradoxes Feb 24 2015

Definition 21.7. For each z € X is stabilizer G, is defined by G, ={g € G : g-z =z} <
G. The action is free iff G, = {1} for each z.

Theorem 21.8. Let G act on X. If for each x € X, the stabilizer G, is
amenable, then G is amenable iff X admits a G-invariant fam p : P(X) — [0,1]
with p(X) = 1.

Proof. As before, let C have one point from each orbit. For = € C, look at the
map 7,(g) = g-x. If y = g-x, then 7, 1(y) = gG,. So there is a one-to-one
correspondence between G -z and the set of left cosets {gG,}. Since each G is
amenable, we can choose a G -invariant fam p,. By translation, we can define
a fam pc for each left coset CG,.

For each A C G, define f4 : X — [0, 1] by

b
fa(y) = pp1y(ANTH(Y)
where x is the point of C' in the orbit of y.
Now define v : P(G) — [0,1] by v(A) = [ fadu. Clearly v is a fam with
v(G) =1

Foa(y) = b1y (gAN T (Y))

Faa(y) = pry1p1y (AN g (y)
foa(y) =t g1y (AN g y)
foaly) = falg™" -y)

Then
ng = (fA)g—l
V(gA) :/ngd/J,

v(gA) = /(fA)g—ldu

v(gA) = /fAdM
v(gA) = v(A)

Proposition 21.9. G,, < GL,1(R)

Proof. Let S € G,,. Write S(¥) = Us(Z) + dg, where Us € O,, and dg € R". In
particular, S o T'(¥) = Us o Up(Z) + Us(dr) + ds. View Ug as an n x n matrix
and write .

M(S) = ( %S s > € GLni1(R)

It’s easy to check that M : G,, = GL,1+1(R) is an injective homomorphism. O
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Proposition 21.10. Let G C SOs. G acts on S? by evaluation. The following
are equivalent:

1. G is amenable,

2. Fy £ G,

3. 52 is not G-paradozical,

4. There is a G-invariant fam on P(S?).

Proof. 1 and 2 are equivalent by 21.2. 3 and 4 are equivalent by Tarski’s theo-
rem. For the equivalence of 1 and 4, we apply theorem 21.8. For any x, every
element of G, is a rotation about the axis between 0 and Z. So G, is abelian
therefore amenable. O

22 The Banach—Tarski Paradox in R",n > 3

Theorem 22.1. Fy < SO;5.

Proof. Let ey, ez, e3 be the standard coordinate frame on R3. Let 0 < 6 < 3
with cosf = % Let R rotate around e3 by € and S rotate around e; by 6.
We'll show that (R, S) = Fy. We'll show that any reduced word in {Ril, Sil}
ending in R*! is not the identity. (Not that if v is a reduced word ending in
S+ v is the identity iff RoR™! is.)
Let w be a reduced word ending in R*'. We claim that w(e;) = (aB_k, bv/237F, cS_k)
with a,b,c € Z and 3 1b. (In particular, b # 0 so w(ey) # e1)
Proof by induction on |w|. First, let |w| = 1, so w = R*!.

cosf  Fsinf 0
1 2v2
R¥l'e; = | +sin® cos® 0 |(1,0,0)= (3,1}(,0)
0 0 1
Now let |w| = n+1 where the claim holds for words of length < n. If w = R*'w/,
where w'e; = 37%(a’,b'/2,¢'), then
w(er) = R¥37%(d,0/v2,¢) = 375 1(a,bv/2, ¢)
where a = o’ F4b',b = +2a’ + V', c = 3¢/. Similarly, if w = S*'w’, then
wler) = SE37F(d, V'V2,¢) =377 a,bVvV2,c)

where a = 3a’,b=b' F2c,c = ¢ £ 4b.

This proves the claim that a,b,c¢ € Z; all that’s left to show is 3 1 b. We
check the n = 2 case by hand. We have o’,b',¢/ = (1,£2,0). Then either
w=RMR* and b=42d' +V =+4 or w= ST R and b=V F2¢ = 2.

Now let |w| > 2 and assume 3 1 b holds for words of length n — 1.
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1. w= RT1S*ly.
b= +2d' + V', where o’ = 3a”, so 31b.

2. w= S R*y
Similarly, b = b F 2¢ where ¢/ = 3¢”, s0 3t0.

3. w= RT¥ R*y
b= 42a’ + b where a’ = a” F4b and V' = £2a” +b". So b = 20’ — 9"
and 31 b.

4. w= SFIS*Ey
b="b F2¢ where b/ = b" F2¢" and ¢/ = " £4b" so b = 3b" — 9b" and
31

O
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23 The Banach—Tarski Theorem in dimension >
3 (cont.)

Let G = (R,S) = Fy be the subgroup of SO3 discussed last time. Let D =
{zxe5?:3g€Glg#1Ng-x=ua]}. D is countable and fixed by G:

Lemma 23.1. D is G-invariant.

Proof. Let x € D so that for some h € G, h # 1, h - x = z. Then for g € G, we
have (gh~tg) - (g-z) =gh-x =g-(h-x) = g-x. Since gh~'g € G, we have
g-x €D. O

Then 5%\ D is also G-invariant.

Theorem 23.2 (Hausdorff). There is a countable set D C S? such that S*\ D
is SO3z-paradozical (and therefore Gs-paradozical)

Proof. Consider G, D as before. G acts freely on S? \ D, so we're done. O
Proposition 23.3. For any countable set D C S%, S?\ D ~go, S?.

Proof. We claim that there is a rotation so that D, R(D), R*(D), ... are pairwise
disjoint. Assuming that, put A =| |72 R"(D) and B = 5%\ A. Then S? = ALB
and S?\ D = R(A)U B, so S? ~50, S?\ D.
Since D is countable, there is a line through the origin avoiding D. Let Ry be
arotation about this line by an angle 6. Let X = {0 < § < 27 : 3x € D3y € D3n € N[Ry(z) = y|}.
For every z,y € D, n € N, there are finitely many 6 such that Rj(z) = v.
Therefore X is countable. In particular, we can pick 8 ¢ X. Then for each
n € N, Ry(D)ND = (. Then for m > n, we have Ry*(D) N Ry(D) =
Ry (R ™(D)ND) =10 O

Theorem 23.4 (Banach-Tarski, I). S? is SO3z-paradozical.

Theorem 23.5 (Banach-Tarski, I1). A closed ball in R® is paradozical.
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Proof. It’s enough to consider a ball centered at 0. WLOG, assume the ball
has radius 1. Using the shrinking map ¥ — aZ, 0 < a < 1, it is clear that

B\ {(_)} is SOs-paradoxical. Now consider a circle containing the origin which
is contained in the unit ball. Rotating this circle by am with « irrational shows
that B\ {6} ~ B. O

Theorem 23.6 (Banach—Tarski, III). If A, B C R?® are bounded and have non-
empty interor, then A ~ B. In particular, any such set is paradozxical.

Proof. By Banach—Schroeder-Bernstein, it is enough to show that A < B.
Choose closed balls K, L with A C K, L, C B. Then we just need to show
that K < L. By 23.5, we know that L ~ |_|?=1 L;, where the L; are pair-
wise disjoint balls of the same radius as L. For large enough n, we can find
LY, ..., L} of the same radius as L such that K C |J!; L;. Let LY = L} and
L =1L\ Uj<i L. Then K C L, LY <y Li ~ L and K < L. O

Corollary 23.7. There is no isometry-invariant fam p : P(R3) — [0, 00] such
that 0 < p(B) < oo where B is a unit ball. In particular, there is no such
extension of Lebesgue measure.

Theorem 23.8 (Banach-Tarski for dimension > 3). Let n > 3. Then
1. 8™ 1 s SO, -paradozical.
Any ball in R™ is paradozical.

Any two bounded sets in R™ with nonempty interior are equidecomposable.

e b

There is no isometry-invariant fam on P(R™) such that 0 < p(B) < oo
for B a unit ball. In particular, there is no such extension of Lebesgue
measure.

Proof. 1t’s enough to prove 1 by induction on n. We have the n = 3 case already.
By the inductive hypothesis, S"~! is SO, -paradoxical. Let S"~! ~go,

A ~S0,, B, say gl = |_|Zi1 K; and A = I_l;rll L;, R; € SO,, RZ(KZ) = L,,

B = L]Zl M;, S; € SOn, Sz(Mz) =1L,

Define ¢ : (S™)* = 5™\ {(0,...,0,+1)} — S™~ ! by

Tlye-y X
So(xla"'7xn’xn+1) - M
seeeydbn

Define R}, S € SO,41 by

e-(51) w-(3 1)

Let K} = ¢ !(K;) and define L}, M, N} similarly. Then (S™)* = ||~ K}

2

and A* = o1 (A) = ||, L} with R} (K}) = L}. Similarly, B* = ¢~ !(B) =
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LI, M; with S (K) = M;. So (S™)* = A*UB* and (S™)* ~s0,.., A* ~s0,.,
B*. Therefore, (5™)* is SO,,4+1 paradoxical.

Next, we’ll show that S™ ~ (S™)*. Let D = {(0,...,0,£1)}. Define T €
SOy41 so that T™(D)NT™(D) = O for m # n. Say T(x1,...,Zp—1,%,Yy) =
(71,20 1, (v + iy)e’™) with 0 irrational. Then S™ ~ S™\ D. O
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24 Tarski’s Theorem

Theorem 24.1. Let G act on X and A C X. Then A is not G-paradoxical iff
there exists a G-invariant fam p: P(X) — [0, 00] such that p(A) = 1.

We’ve already given the backward direction. For the forward direction, we’ll
need new machinery.

Definition 24.2. If G acts on X, define X* = X x N and G* = G X S, where
Swo 1s the group of permutations of N. Then G* acts on X* by (g,0) - (x,n) =

(9-z,0(n)).
Definition 24.3. A set A C X* is bounded if for some n,
Ac [ X x{m}

m<n

Define B as the collection of all bounded subsets of X*. Let & = B/ ~g~ be
the set of all [4] = [A]~.. for A € B.

Proposition 24.4.
1. For ABC X, A~g B iff Ax {m} ~g+ B x {n} form,n € N.
2. A is G-paradoxical iff A x {0} ~g« A x{0,1}.
Proof.
1 Let o be such that o(m) = n and let (g;)i<x witness the equidecomposability

of A and B. Then ((g;,0))i<r witnesses the equidecomposability of A x {m}
and B x {n}. For the reverse direction, just project (g;, ;) — g;.
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2 Assume A is G-paradoxical. Let A = BU C with A ~g« B ~g+ C. Then
B x {0} ~g+ A x {0} and C x {0} ~g« A x {1} by the above.

Now assume that A x {0} ~g~ A x {0,1}. Let A x {0} = |_|f:1 A; and
Ax{0,1} = |_|f:1 Al with (g;,04)A; = AL, Separate the A} according to whether
0i(0) = 0 or 0;(0) = 1, so that A x {0} = | |I", C; U], D; and A x {0} =
U?ll Cz/’ Ax {1} = |_|:.L:1 D; with glCZ = Cz/ and thz = D; Put C = Ll:il Cl
and D = ||, D;. We have C ~g- A x {0} ~g+ A x {1} ~g+ D, so that
C ~g A ~g D and A is G-paradoxical. O

From now on, identify X with X x {0}.

Definition 24.5. Given [4],[B] € S, define [A]+ [B] = [A’ U B’] where A’ ~¢-~
A, B ~g« Band AN B’ ={.

This is well-defined. Let A”, B” satisfy the same conditions as A’, B’. Then
A” ~G* A ~G* A/ and BN ~G* B ~G* B/7 SO AN U BH ~G* Al U B/.

Definition 24.6. Let n[A] = [4] + (n — 1)[A] and 1[A] = [A]. By 24.4, A is
paradoxical iff [A] = 2[A]. Let 0 = [0)].

Proposition 24.7. (S,+,0) is an abelian semigroup with identity.

Proof. Let aw = [A], 8 = [B],y = [C]. Let A’ ~g« A, B’ ~g« B,C’" ~g~ C with
A’ B', C" pairwise disjoint. Then (a+3)+v = [(A'UB)UC'] = [A'U(B'UC")| =
a+ (8 + 7). Similarly, « + 8 = [A'UB| = [B U Al = f+ «. Finally,
a+0=[AUl =[4A]=a O

Definition 24.8. Define a relation on S by a < g iff Iy(a+v = 3).
Proposition 24.9.
1. < is partial order on S with minimal element 0.
2.asf=at+y<B+n.
3. [A] < [B] & A <¢- B.
Proof.

3. A <g+ B iff there is some C so that AU C ~g+ B. In other words,
[A] +[C] = [B].
2.a+6d=p. Thena+~v+déd=0F+7v,s0a+~v<5+.

1. Reflexivity is trivial. For transitivity, assume o < 8 <. Then f =a+ 4
andy=08+ec=a+d§+¢, so a <. Antisymmetry follows from 3 and
the Banach—Schroeder—Bernstein Theorem.

O

Theorem 24.10 (Cancellation Law). If a, 8 € §,n > 0, then na =nf = a =
B.
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Corollary 24.11. If o € S with (n+ 1)a < na, then o = 2a.
Proof.

ne>n+a=na+a>n+lata=na+2a> - >na+na=2n«a
But also na < 2na, so by cancellation, o = 2a. O

In any abelian semigroup (7, +,0) with identity, we can define a quasiorder
a<B< Iy(a+vy=p0). (We don’t necessarily have antisymmetry.)

Definition 24.12. A fam on T is a map u : 7 — [0,00] such that u(0) = 0
and p(a+ B) = pla) + pu(B).

Theorem 24.13. Let (T,+,0) be an abelian semigroup with identity and let
ag € T. Then the following are equivalent:

e (n+ 1)apg € nag for alln € N

e There is a fam p on T with p(ap) = 1.

Proof of Tarski’s Theorem. Fix A C X with A not G-paradoxical. Then [4] #
2[A]. By 24.11, (n 4+ 1)a £ na for all n € N. By 24.13 for (S, +,0), there is a
fam v : § — [0, 00] such that v([A]) = 1. Then define a fam p : P(X) — [0, 0]
by pu(B) = v([B]). Let’s check the axioms:

o 1(0) =v(0) =0

e If BNC = 0, then u(BUC) = v([BUC]) = v([B]+][C]) = v([B])+v(|C]) =
1(B) + pu(C)

o u(gB) = v(lgB]) = v([B]) = u(B).

We'll need the following result to prove the Cancellation Law.

Theorem 24.14 (Konig). FEvery k-regular bipartite graph has a perfect match-
ing. (A graph is k-regular if the degree of every vertex is k.)

Proof. Call the parts of the graph A and B. By Hall’s theorem, it suffices to
check that for finite X C A and Y C B, [N(X)| > |X| and |[N(Y)| > |Y]. Fix
X C A. Let x be the number of edges coming out of X, so z = k|X|. But also
k|N(X)| > z. Therefore, |N(X)| > |X|. O

Proof of Cancellation Law. Say [A1] = o, [Bi] = 8. Let A = ||| A; and
B = ||, B;. Then na = [A] with [4;] = [A1] and similarly n3 = [B] with
[Bi] = [B1]- Let ¢ witness the equidecomposability of A and B. Let f; witness
Ay ~g+ A, g; witness By ~g+ B;.

Define a bipartite graph on A; LI By by the edge relation «Eb if 3i3j[b =
g]._l(go(flv(a)))]. This graph is n-regular, so by Konig’s theorem, it has a perfect
matching p : A — B. Let A;; = {a € A; : p(a) :g;1(<p(fi(a)))}. Define
B;; similarly. Then A; = |_|” A;j and By = |_|” p(A4sj) = |_|” B;j. Then

Bij ~G* Aij7 glVlIlg us A]_ ~ Bl- O
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25 Tarski’s Theorem

We still have one unproven fact in our proof of Tarski’s theorem, which we’ll
restate for convenience:

Theorem 25.1. Let (T,+,0) be an abelian semigroup with identity and let
ag € T. Then the following are equivalent:

o (n+ 1)ag £ nag for alln € N
e There is a fam p on T with p(ag) = 1.

Proof. For the forward direction, call « € T small if In[a < nag]. Let T =
{a €T : aissmall}. Then 7' is a subsemigroup containing «g. If there is a
fam p/ : 7' — [0, 00] such that p'(ag) = 1, then there is a fam p : 7' — [0, o0]
such that u(ag) = 1, defined by

p(a), ifaeT
pla) = :
0, otherwise
So we can assume WLOG that 7/ = 7. We need this lemma:
Lemma 25.2. There is 1 : T — [0, 00] such that u(cg) =1 and for a;, B; € T,

Sar <023 ) < S0 u5)
i=1 =1 i=1 =
Note that such a y is a fam:
o 0+ ap < ag, 50 1(0) + plao) < pilao) and u(0) = 0,
e (a+f) <a+pfand a+B < (a+p),so pla+B) < pla)+u(B) < pla+p).

By compactness, it’s enough to prove the following finite version:
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Claim If 7y C T is finite and ag € Tp, then there exists ug : To — [0, 0]
such that po(eg) = 1 and for any (o), (8;) in To, we have Y . po(ey) <
E;"Zl po(B;). Note that these sums might lie outside of 7.

We’ll prove this by induction on |7g|. If 7o = {ao}, then define po(ag) = 1.
Our claim reduces to checking mag < nag = m < n. This follows from the
assumption that (n 4+ 1)ag € nay.

Now let Ty # {ap}. Pick @ # «p and apply the induction hypothesis to
To \ {a} to get uj : To — [0, 00]. Notice that since all elements of 7 are small,
o is actually finite-valued. To extend g to a po, let

{ Doimy poai) = 325 mo(by) }

r

o (@) = inf

where r € Z", a;,b; € To\ {a} and 37}, b +ra < 377 a;. To show that this
works, we need to show that if a;, 3; € To \ {a}, s,t € Nand > /" | a; + sa <

> i1 Bitta, then 357 o (aq) +spo(a) < 327 po(By) +tuo(@). If s =t =0,
this follows directly from the induction hypothesis.

Case s = 0, t > 0 We need to show that ug(a) > w
Equivalently,

> tolar) = > po(Br) > > tolas) = > po(By)

r t

with r € Z*, ag, by € To \ {a}, and Db +ra < Y ag, Ya; < Y65 + ta.
Equivalently,

e no(en) + Y o) <Y pp(By) + Y polar)

By finite additivity, it’s enough to check that r ) a; +t> by < 7> B;+t>_ a.

We have
ry a; <ry B+t
thlJtha gtzak,
rY ity STy Bty ar

Case s >0 Let Y b +ra <3 ap. Then we show that
2 Holar) = 30 o (br)
T

> sole) +sup(e) <D up(By) +t

Equivalently,

< ¢ 30 polar) + 130 mo(B) = (30 mo(b) + 730 poy())

!
fio (@) s
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It’s enough to check that

thl+TZai+rsa§tZak+TZﬂj

This follows from > b +ra <> ar and > o + sa < B + ta:

tY bittra<t) ax
rZoziJrrsaSrZﬂj + tra
thlJrrZoziJrrsaSrZﬂk thZak

26 Countable Equidecompositions

Consider (X, .A) with X a set and A a o-subalgebra of subsets of X. Let G act
on X such that for A € Aand g € G, g- A € A. Let’s define a new notion of
equidecomposability A ~g o B & A ~o B iff there exist g, - A, = B,, with
A=|]7A,,B=L|]’ B, Wesay X is countably G-paradozical if A= BUC
and A ~,, B ~o, C. We'll consider countably additive measures now. We have
a partial analogue of Tarski’s Theorem:

Fact 26.1. If there exists a G-invariant probability measure on A, then X is
not countably G-paradoxical.

But in fact, the converse is not true:

Theorem 26.2 (Chuaqui). There is an X which is not countably G-paradoxical
for which there is no G-invariant probability measure.

Let w; be the unique uncountable well-order such that if a € w;, then
{B : B8 < a} is countable. It follows that any countable A C w; is bounded.

Theorem 26.3 (Ulam). There is no countably additive probability measure
p: Plwr) = [0,1] with p({a}) =0 for all a € wy.

Proof. Let W, = {a € w1 : o <y}. Let f¥: W, — N be injective. Consider
fz,y) = fY(z) for z < y, z,y € wy. Then x < 2’ <y = f(z,y) # f(«',y). For
neN, zcewy,put F ={y: z<y,f(z,y) =n}

Consider the Ulam matrix with uncountably many columns and countably
many rows, where the element in the n'" row and the o' column is F. The sets
in any row are pairwise disjoint. To see this, assume F' N FJ, # () with « # 2.
Let y € F' N FY with z,2" < y. Then f(z,y) =n = f(2/,y); contradiction.

Additionally, the union of a column is co-countable, i.e., |, Fi = w1 \ C
with C' a countable set. To see this, let @ < y with y € F?, f(z,y) = n. So

U, Fo 2w \{y : y <z}
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Finally, let u be a countable additive probability measure on P(wp). If
(X5)ier is a family of subsets of wy, and X;NX; = 0if i # j, then {i € F' : p(X;) > 0}
is countable because the set {i € I : u(X;) > +} is finite. (In fact, it has at
most n elements, since the measure of the whole space is 1).

So there is y,, such that x > y, = p(F7) = 0. Let z > sup,, y, (again we
use the boundedness of countable sets in wy). Then p(F') =0, but J,, FI' =
w1\ C. u(C) =¥, con{z}) =0, s0 p(wr) = plwi \ C) = 3, W(F) = 0.
Contradiction. O

Proof of Chuaqui’s Theorem. Take X = w;. Let G be the group of permuta-
tions of wy with finite support. (Recall that 7 has finite support if {o € wy : 7 # a}
is finite) We claim that w; is not countably G-paradoxical.

Assume towards a contradiction that w; = AU B with A ~o, B ~+ wj. Be-
cause w1 ~o A, we have a bijection g : w; — A and a countable decomposition
w1 = |_|ZO A, and g, € G such that g[A; = g;[A;. Then the support of g is at
most the union of the supports of the g;, so g has countable support. Similarly,
there is a bijection h : w; — B with countable support. Let o be outside the
supports of g and h. Then g(a) = a = h(a) € AN B; contradiction. Therefore,
G is not countably G-paradoxical.

Assume p: P(wy) — [0,1] is a G-invariant probability measure. Then there
must be some f for which p({8}) = 0. For any «, there is g, € G so that
Jo(B) = @. Then we must have u({a}) = 0 for all @ € wy, contradicting Ulam’s
theorem. O

Definition 26.4. A group G is a Polish group if there is a metric d : G — [0, 00)
which is separable and complete and g — gh, g — g~ ! are continuous.

Ezample 26.5. (R™,+),(G,,-) are Polish groups.

Definition 26.6. X is a Polish space if it has a separable complete metric. Let
B(X) be the Borel subsets of X.

A map G x X — X is a Borel action if for every open set U C X, the set
{(9,2) e Gx X : g-x €U} is Borel in G x X.

Theorem 26.7 (Becker—Kechris). If G is a Polish group and X is a Polish
space, A = B(X) and G acts on X in a Borel way, the following are equivalent:

e X is not countably G-paradozical with respect to A
o There exists a G-invariant probability measure = A — [0, 1].

Proof sketch. We consider just the forward direction. First, reduce this to the
case when (g,x) — g -« is continuous. Choose H < G countable, dense. By
continuity, it’s enough to find a H-invariant measure. X is not countably G-
paradoxical, so X is not countably H-paradoxical. Let E be the equivalence
relation induced by this action. Then we apply

Theorem 26.8 (Nadkarni). If E is not compressible then there exists an H-
invariant measure p : B(X) — [0, 1].
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FE is compressible if there is a Borel A C X and a Borel bijection f: X — A
such that f(z)Fz and X \ A intersects every E-class. Note that f(B)N B = 0.

Now assume F is compressible. Let B = X \ A. Let B, = f*(B). If n > m,
f™(B)Nf™(B) = . Each B,, meets every E-class and f™ is a bijection between
B and B,,. let H = {h, : n € N} and let N : X — N be such that N(z) is the
least n for which h,,-z € B. N is a Borel function. Let po(z) = 2V @ (hy () 2)
and py(z) = fPV@H (hy(,) - 2). Say C = po(X) and D = p;(X). Clearly,
CND = (. Since f respects E, we can represent pg and p; as piecewise H-
maps. Therefore, X ~pg o C ~p o D; contradiction. O

Problem 26.9. Under the same hypotheses of Theorem 26.7, are the following
equivalent for arbitrary A € A?

e A is not countably G-paradoxical with respect to A

o There exists a G-invariant measure i : A — [0, 1] with p(A) = 1.
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27 Recent Results

27.1 Tarski Circle Squaring Problem

Recall that if A, B C R? are bounded and Lebesgue measurable and A ~ B,
then mg(A) = mg(B)

Problem 27.1. Let D,S be a closed disk and a square of the same area, re-
spectively. Is D ~ S¢

Yes! Something stronger turns out to be true.

Theorem 27.2 (Laczkovich, 1990). Let A, B C R™ be bounded, Lebesgue mea-
surable sets with my,(A) = my(B) > 0 and boundaries of box dimension less
than n. Then A ~rn B, i.e., they are equidecomposable using only translations.

Theorem 27.3 (Grabowski-Mathé-Pikhurko, 2015). In the decomposition of
the previous theorem, the pieces can be taken to be Lebesque measurable.

Problem 27.4. Can this be done using Borel pieces?

Theorem 27.5 (Grabowski-Mathé—Pikhurko, 2014). If A, B CR™, n > 3, are
bounded, Lebesque measurable with non-empty interior and my(A) = m,(B) >
0, then A ~ B with Lebesgue measurable pieces.

27.2 Marczewski Problem

Problem 27.6 (Marczewski, 1930). Is the unit ball in R paradozical using sets
with the property of Baire?

Theorem 27.7 (Dougherty—Foreman, 1994). If A, B C R"™, n > 3, are bounded
with nonempty interior and have the property of Baire, then A ~ B using sets
with the property of Baire.
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Definition 27.8. If A C R", then A is meager if A C Un F,, where the F), are
closed with empty interior.

A C R"™ has the property of Baire if there is a Borel set B (equivalently, an
open set) such that BAA is meager. Notice that the class of sets with property
of Baire forms a o-algebra.

Theorem 27.9 (Marks—Unger, 2015). Let a group G act on a Polish space X
by Borel automorphisms of X. Then X is G-paradozical iff X is G-paradozical
using pieces with the property of Baire.

(x + g - x is a Borel automorphism if A € B(X) = g¢g-A € B(X).)

However, there is a group action by Borel automorphisms on a Polish space
such and two Borel sets By, B; such that By ~ By but not by sets with the
property of Baire.

27.3 De Groot’s Problem

Problem 27.10 (De Groot, 1958). Can Banach-Tarski duplication be done
so that the pieces are moved continuously without overlapping? More precisely,
say A,B C R™ are continuously equidecomposable (write A ~¢ B) if A =
|_|f:1 A, B = |_|§:1 B; and there are continuous G, -paths v* : [0,1] — Gy, such
that ¢'(0) = id and ¢'(1)(A;) = B,. Additionally, we require that for all t €
[0, 1], ¥*(t)(As) N7 (8)(A;) = 0 for i # .

Theorem 27.11 (Trevor Wilson, 2005). Let n > 2. If A, B C R" are bounded,
and A ~ B, then A ~° B.



